The status of a vertex x in a graph is the sum of the distances between x and all other vertices. The status sequence of a graph is the list of the statuses of all vertices arranged in nondecreasing order. It is well known that non-isomorphic trees may have the same status sequence. A graph G is said to be status unique in a family F of graphs if G is a member of F and G is uniquely determined in F by its status sequence. The main result of this paper is that every spider is status unique in the family of all trees. Some conjectures about status unique graphs are proposed at the end of the paper.
Introduction
The graphs considered in this paper are finite, simple and loopless. Let G be a connected graph. For a given vertex x of G, the status of x, denoted by s G (x), is defined by s G (x) = ∑ y∈V (G) d(y, x) where d(y, x) is the distance between y and x. The status s G (x) is also denoted by s(x) if the underlying graph is understood. The status sequence of G is the list of the statuses of all the vertices of G arranged in nondecreasing order. In [2] , Buckley and Harary discuss various conjectures and unsolved problems concerning distance concepts in graphs, which include the problem of characterizing status sequences. Non-isomorphic graphs may have the same status sequence. Slater [7] provides infinite pairs of non-isomorphic trees with the same status sequence. Example of non-isomorphic nontree graphs with the same status sequence can be found in [1, 3] . Motivated by these facts, we consider the problem: ''Which graph is uniquely determined by its status sequence?'' Let us begin with the following definition. Let F be a family of some connected graphs and G be a graph in F . We say that G is a status unique graph in F (or simply G is status unique in F ) if G is uniquely determined in F by its status sequence (i.e., whenever H ∈ F , and H, G have the same status sequence, we have H ∼ = G). For example, any path is status unique in the family of all connected graphs since a path of order n is the only graph of order n which contains vertex with status
An endvertex of a graph is a vertex of degree 1. Let T be a tree and x be an arbitrary vertex of T . A branch of T at x is a maximal subtree of T containing x as an endvertex. Thus if deg T (x) = d, then T has d branches at x. As an illustration, in Fig. 1 B 1 , B 2 and B 3 are the branches of a tree T at a vertex x.
A spider is a tree of which one and only one vertex has degree exceeding 2. The body of a spider is the vertex of the spider with degree exceeding 2. Any branch at the body of a spider is called a leg of the spider. Obviously each leg is a nontrivial path. If a spider has v legs, and these legs have lengths l 1 , l 2 , . . . , l v respectively, where l 1 ≥ l 2 ≥ · · · ≥ l v , then this spider is denoted by SP(l 1 , l 2 , . . . , l v ). By the definition, a spider has at least four vertices, and a path is not a spider. The main result of this paper is that every spider is status unique in the family of all trees. In Section 2, we give some lemmas for this result, and in Section 3 we give its proof.
Lemmas
In this section, we give some lemmas for the proof of the main result. Some remarks are listed for the proofs of the lemmas. We begin with the following proposition.
Proposition 2.1 ([3]).
Suppose that x 1 and x 2 are adjacent vertices of a connected graph G. Let
The above proposition implies the following.
Remark 2.2.
Suppose that x 1 and x 2 are adjacent vertices in a tree T such that T 1 , T 2 are components of T − x 1 x 2 where
which implies the required result.
Proof. We prove the result by induction on k. This is true for k = 2 by Remark 2.2. Suppose that the result holds for k ≥ 2. Let x 1 x 2 x 3 . . . x k−1 x k x k+1 be a path in T , and
Applying the induction hypothesis to the path x 1 x 2 . . . x k , we have
Considering the path x k x k+1 , we have
This completes the proof. Lemma 2.5. Let x 1 be a vertex of a tree T of order n. Suppose that the path x 1 x 2 x 3 . . . x l is a branch of T at x 1 . Then
We see that, for 2 ≤ i ≤ k − 1, T i is the trivial graph on the vertex x i , and that T k is the path x k x k+1 . . . x l . By Remark 2.4,
The median (periphery, respectively) of a connected graph G is the set of vertices of G with the smallest (largest, respectively) status. The following is a well-known property about the statuses of vertices in a tree.
Lemma 2.6 ([3]). If x 1 is a vertex in the median of a tree T and x
The following well-known results about the median and the periphery of a tree follow immediately from Lemma 2.6.
Lemma 2.7 ([3,8]). (1) The median of a tree consists of either one vertex or two adjacent vertices. (2) Any vertex in the periphery of a tree is an endvertex of the tree.
The following lemma is a well-known criterion for a vertex to be in the median of a tree.
Lemma 2.8 ([4,5]). Let x be a vertex in a tree T . Then x is in the median of T if and only if
The following proposition follows immediately from the necessity of Lemma 2.8. 
Proposition 2.9 ([8]). Any vertex in the median of a tree of order at least three is not an endvertex of the tree.
The following remark is trivial. We omit the proof.
Remark 2.14. Let k, v, n be real numbers such that where n is even.
Then we have
Proof. By Lemma 2.5(2), s S (x ′ )−s S (x) = (|V (P)|−1)(n−|V (P)|). Thus to prove (1) is equivalent to proving s T (y ′ )−s T (y) < (|V (P)| − 1)(n − |V (P)|).
First assume that Condition 1 holds. 
Thus s T (y ′ ) − s T (y) < (|V (P)| − 1)(n − |V (P)|), as needed to prove (1).
Next assume that Condition 2 holds. Then we have (
Proof.
(1) By the necessity of Lemma 2.8, any vertex not on L 1 cannot be in the median of S.
Main result
Let G be a connected graph and U be a subset of V (G). The status subsequence of G on U is the list of statuses s G (x) of all the vertices x in U arranged in nondecreasing order. We now prove the main result of this paper.
Theorem 3.1. Every spider is status unique in the family of all trees.
Proof. We need to prove that if a tree T and a spider S have the same status sequence, then T ∼ = S.
Let s 1 ≤ s 2 ≤ · · · ≤ s n be the status sequence of a spider S and also that of a tree T , where n = |V (S)| = |V (T )|. Since S is a spider, we have n ≥ 4. We proceed with Claims 1-3.
Claim 1.
There exist a vertex x 1 in S and a path x 1 x 2 . . . x l which is a branch of S at x 1 , and there exist a vertex y 1 in T and a path y 1 y 2 . . . y l which is a branch of T at y 1 such that s S (x 1 ) = s T (y 1 ) = s 1 , s S (x 2 ) = s T (y 2 ) = s 2 , and the status subsequence of S on {x 1 , x 2 , . . . , x l } is the same as that of T on {y 1 , y 2 , . . . , y l }.
Since S is a spider, by Lemma 2.12 there exists a path P : x 1 x 2 . . . x l in S such that P is a branch of S at x 1 , and
We choose a vertex y 1 in the median of the tree T in the following way. First consider the case that n is even and there exists a vertex v in T such that there is a branch at v which is a path of order n 2 + 1. By the sufficiency of Lemma 2.10, in this case the median of T has two vertices, and v is one of them; we choose v as y 1 . In the remaining case, we choose any vertex in the median of T as y 1 . Obviously s T (y 1 ) = s 1 . To continue the verification of Claim 1, we first show the following. Claim 1.1. Each branch of T at y 1 has order at most |V (P)|.
Applying Lemma 2.13 to the spider S and the vertices x 1 , x 2 , we have
Let Q be an arbitrary branch of T at y 1 . We need show that |V (Q )| ≤ |V (P)|. Let z be the vertex in Q which is adjacent to y 1 . Then s T (z) = s i for some 2 ≤ i ≤ n. Applying Lemma 2.13 to the tree T and the vertices y 1 and z, we have
Since s 2 ≤ s i , from (1), (2) we obtain |V (Q )| ≤ |V (P)|. This confirms Claim 1.1.
Next we use Claim 1.1 to show the following. Claim 1.2. There exists a branch of T at y 1 which is a path of order |V (P)|. Suppose, on the contrary, that each branch of T at y 1 is either a nonpath or a path of order not equal to |V (P)|. By Claim 1.1, each branch of T at y 1 is either a nonpath of order ≤ |V (P)| or a path of order ≤ |V (P)| − 1. Let m be the maximum of the statuses of all vertices in T . Let z ∈ V (T ) such that s T (z) = m (i.e., z is in the periphery of T ). By Lemma 2.7(2), z is an endvertex of T . Let Q be the branch of T at y 1 such that z ∈ V (Q ). We have two cases. Case 1. Q is a nonpath and |V (Q )| ≤ |V (P)|. Case 2. Q is a path and |V (Q )| ≤ |V (P)| − 1.
In Case 2, the following condition ( * ) cannot hold.
, where n is even.
Suppose, on the contrary, that Condition ( * ) holds. Since |V (P)| = n 2 + 1, we have s S (x 1 ) = s S (x 2 ) by Remark 2.2; thus s 1 = s 2 , which implies that there are two vertices in the median of T . Let y 2 ∈ V (T ) − {y 1 } such that y 2 is in the median of T . By Lemma 2.7(1), y 2 is adjacent to y 1 , and by the necessity of Lemma 2.8, y 2 cannot be on Q for |V (Q )| = n 2 . Let T 1 be the component of T − y 1 y 2 such that y 1 ∈ V (T 1 ). By the necessity of Lemma 2.10, |V (
In the following, we show that there exist distinct vertices y
. . , t (in the case t = 1, this means there exists y 
